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Abstract 

We define a g-deformation of the Dirac operator, inspired by the one dimensional g-derivative. 
This imphes a g-deformation of the partial derivatives. By taking the square of this Dirac operator 
we find a g-deformation of the Laplace operator. This allows to construct q-deformed Schrodinger 
equations in higher dimensions. The equivalence of these Schrodinger equations with those defined 
on (/-Euclidean space in quantum variables is shown. We also define the m-dimensional q-Clifford- 
Hermite polynomials and show their connection with the g-Laguerre polynomials. These polynomials 
are orthogonal with respect to an m-dimensional q-integration, which is related to integration on 
g-Euclidean space. The g-Laguerre polynomials are the eigenvectors of an 5145(1 |l)-representation. 
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1 Introduction 



Quantum algebras are q-dcformed versions of universal enveloping algebras of Lie algebras, the latter are 
recovered as the deformation parameter q goes to unity. The study of quantum algebras leads to the 
use of mathematical tools of g-analysis, see In [3] Jackson originally introduced the g-analogues 

of differentiation, integration and special functions in the context of q-hypergeometric series (also known 
as basic hypergeometric series). In particular, there are connections between representations of quantum 
algebras and g-special functions ([J]) and g-calculus Also in the framework of g-harmonic analysis 

of this paper, we will obtain an SMq(l|l)-representation for which the g-Laguerre polynomials (see [T]) 
are eigenvectors. 

In [B] g-analysis is used to solve the S'Og(m)-invariant Schrodinger equation in quantum Euclidean space, 
see [7] . The results in j8] about g-difference equations can be used to solve more general SOq (m)-invariant 
Schrodinger equations in quantum Euclidean space. Also the objects of g-harmonic analysis developed 
in this article can be used to study quantum Euclidean space. 

The interest for quantum algebras in physics was partly triggered by the introduction of the g-deformed 
harmonic oscillator (see [S] for an overview). The first approaches however, lacked any dynamical content 
behind the hamiltonian. In [5] an overview is given of different realizations of the q-Heisenberg algebra, 
using the g-derivative, leading to the g-harmonic oscillator. In |10) a procedure for general g-deformed 
quantum mechanics was constructed using the g-derivative. Until now the higher dimensional g-deformed 
isotropic oscillator is only defined in quantum Euclidean space or in undeformed space by an unnatural 
separation of the radial part. 

The g-harmonic oscillators lead to the g-Hermite polynomials see e.g. [11]. In [TJIIl] it was shown that the 
g-Hermite polynomials are orthogonal with respect to g-integration and have annihilation and creation 
operators using the g-derivative. Because all the different types of the g-Hermite polynomials satisfy 
many properties that are analogues of properties of the Hermite polynomials, see e.g. |1 H \12 \ [T3 ] . they 
are interesting objects of study themselves. 

In this study we define a theory of g-deformed derivatives in higher dimensions and a g-deformed Laplace 
operator acting on functions with commuting variables. Since we use Clifford analysis f |14[ I15| ) for this, 
we define a g-deformed Dirac operator with its square a g-Laplace operator. As the undeformed SO{m)- 
invariant harmonic operators generate the Lie algebra 5(2 (R) we now find a g-deformation of this algebra. 
This leads to a Howe dual pair ([T6;) with a quantum algebra, (S'O(m), s[2(M)g). 

Because the g-Laplace operator is scalar, it can be expressed without Clifford algebras. However, the 
Clifford-approach to this g-Laplace operator is more natural. The resulting g-Laplace operator can be used 
to put an existing g-deformation of the isotropic Schrodinger equation in undeformed space f[8| Wj \ fT8 ] ) 
in a complete setting. This equation has its origin in quantum Euclidean space, see [6l [71 [19]. Using 
the g-Laplace operator, the angular and radial part are reunited in a complete Schrodinger equation in 
undeformed space. This quantum system has the same energy spectrum as the Schrodinger equation in 
quantum Euclidean space. 

Using the g-deformed Dirac operator we can define a g-deformation of the Clifford-Hermite polynomials. 
These are higher dimensional generalizations of the one dimensional Hermite polynomials, see |20j . Similar 
to the undeformed case there is a connection between the g-Clifford Hermite polynomials and the one 
dimensional g-Laguerre polynomials which were introduced in [3TJ [35] . Once again, this justifies the choice 
of our g-Dirac operator. Using this construction we obtain realizations of su(l|l)q acting on for which 
the g-Laguerre polynomials are the eigenvectors. This is a concrete generalization of the occurrence of 
the Laguerre polynomials as formal eigenvectors in the t^{'L+) representation space for su(l|l), see e.g. 
[23]. 

The paper is organized as follows. First we repeat some facts about quantum numbers and derivatives 
and give a short introduction to Clifford analysis. From a list of axioms we derive a unique g-Dirac 
operator, which leads to a g-Laplace operator. We show an important connection with the SO{m)q- 
invariant Laplace operator in g-Euclidean space. Then we construct an integration which leads to g- 
Cauchy formulas. Finally wc define the g-Clifford-Hcrmitc polynomials and prove their most important 
properties. 
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2 Preliminaries 

We give a short introduction to quantum numbers (g- numbers), (/-derivatives and (/-integration, see 
[TJ [21 131 15] . For u a number or operator, and q the deformation parameter, we define (where it exists) the 
(/-deformation of u by 

r 1 g"-l 

[U\q - 



q-1 

It is clear that hmg^i[M]g = u. In this paper we assume q £ M+. The (/-derivative of a function f(t) is 
defined by 

dKfW = ^^f^- (1) 

For this to exist, the function has to be defined in t and qt and has to be differentiable in the origin. 
From the definition we find 



and the Leibniz rule 



d^t = qtdl + 1. (2) 
This is a special case of the following two Leibniz rules 

dKh(t)f2{t)) = d!m))hit) + h{qt)dnf2it)) (3) 

= d!Uim2{qt)+fim{f2{t)). (4) 

For (/ < 1, the g- integration on an interval [0, a] with a G R is given by 



(5) 



/ f{t)dgt = {l-q)aJ2fiaq')q'- 
•^0 fc=0 

More general intervals are defined by = fl^ — and satisfy the important property 

{d!f){t)d,t = f{b)-f{a). (6) 



The (/-factorial of an integer k is given by [k]q\ = \k]q[k — l]<j • • • [1]^. This leads to the introduction of the 
(/-exponential 



- Er-p- (7) 
i=o ^-^J-J- 



In order to find its inverse we define a second (/-exponential by 

OO j 

eq{t) = Eq-.{t) = Y^qbU-^) (8) 
Now Eq{t)eq{—t) = 1, see [HlHin]- It is easily calculated that 

d!Eq{t)=Eq{t) , d?eq{t)=eq{qt). (9) 

The series Eq{t) converges absolutely and uniformly everywhere if 5 > 1 and for \t\ < if (/ < 1, see 
[1]. The g-binomial coefficients are defined by 

n\ _ [n\q\ 



kj^ [n-k]q\[k]qr 
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We can also define the q-Gamma function for q < I 

T (t) ^ n^i(i'^g'^) (i_ )i-t 

with the property that rq{t + 1) = [t]qrq{t), see [2]. The function Fg admits the following integral 
representation 

1 

Tqiz) = dgte-^egi-qt), (10) 

Jo 

see [U |4]. Sometimes we will encounter expressions which we will write as g^-deformations, for example 
[2u]q = {q + l)[u]q2 , therefore we fix the notation Q = q^ . 

Now we briefly recall the basic notions of Clifford analysis. For more details we refer the reader to 
[l4l [TS] . Denote by Mo,m the Clifford algebra generated by an orthonormal basis (ei, • • • for R™ 

with multiplication rules 

eiCj + ejti = -25ij (11) 

for 1 < i, j < m. The algebra generated by these Clifford numbers and the m commuting variables Xj, 
which commute with e^, 1 < i < m, is the algebra of Clifford valued polynomials V — IR[xi, • • • , Xm] ® 
Mo,m- The vector variable is identified with the first order Clifford polynomial of the form x = X]j=i ^j^j- 
Using (|lip we find that the square of this vector variable is scalar valued, x^ — — Si=i ^ —r'^- The 
corresponding vector derivative in the vector variable x is the Dirac operator, 

rn 

dx_ — ^ ^ 6 j • 

The square of the Dirac operator is again scalar, = —A, with A the Laplace operator. Using the 
Clifford multiplication rules ([TT|) we can calculate 

{x,d^}^d^x + xd^ = 2E + m, (12) 

with E = Sjli ^j(^xj the Euler operator. In particular we find dx{x) = m and 

d^x^ = x^d^+2x. (13) 

We will use the notation f{x) — f{xi,--- ,Xm). Clifford analysis deals with the function theory of 
solutions of dxf{x) — 0, called monogenic functions, in particular monogenic polynomials of degree k. 

Definition 1. An element F d V is a spherical monogenic of degree k if it satisfies 

dxF = and EF = kF. 
The space of all spherical monogenics of degree k is denoted by Aik- 

In the same way we can define the space of spherical harmonics of degree fc, T-Lk, as the null solutions of 
the Laplace operator, clearly Mk C Hk- We have the following well-known decomposition of the space 
of polynomials. 

Lemma 1 (Fischer decomposition I). The vector space Vk decomposes as 

yk/2\ 

Vk - X^'nk-2^■ 
i=0 

This decomposition is unique, hence ^j^x^''Hk-2i = 0, with (Hj G "Hj) implies Hk^2i = for every i. 
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Since A is scalar, we can replace V with R[a;i, • • • , Xm] in the previous lemma. The decomposition can 
be refined to 

Lemma 2 (Fischer decomposition II). The vector space Vk decomposes as 



k-i- 



This decomposition is unique, hence ^jx!' Mj — (with Mj £ .Mj) implies Mj — for every j. 
Commutation rules (fT2|) and (fT3| yield 



d^x^^Mk = ilxf'-'Mk 



21-1 



(14) 
(15) 



S^x^'+iMfe = {21 + 2k + m)x^^ Mk 
These equations together with lemma [2] imply that every (scalar) Hk can be decomposed as 

Hk = Mk + xMk-i. (16) 

The operators dx_ and x generate a finite-dimensional Lie super-algebra isomorphic to osp(l|2). The even 
subalgebra is generated by d^, x^ and E -I- to/2 and is isomorphic to the Lie algebra 5(2(8), see [l6l [24] . 
The commutation relations of the Lie super-algebra are given by 



and 



51/2, xV2 

92/2, E + to/2 
iV2,E-^to/2' 



a;, di 



x,E + to/2] 



= E + to/2 

= 2^2/2 
= -2^2/2 



= 



-2d^ 

-X 



dx,x^ 

9,, E -I- to/21 



2x2 
291 

2E + m 

2x 


dx- 



An important feature in harmonic and Clifford analysis is the occurrence of Howe dual pairs, see |16] . 
The generators of the Lie algebra s[2(K.) are 50(m)-invariant. These operators acting on the module 
(Bjr'^^'Hk give an infinite-dimensional irreducible representation of sl2(K). The blocks r^J'Hj,, with HJ, 
the scalar spherical harmonics, are the irreducible pieces of K[xi, • • • ,Xm] under the action of SO{m). 
This can be refined to the Howe dual pair (Spin(TO), osp(l|2)) (see [HI [15]), with Spin(m) the universal 
cover of 5*0 (to). 

These Howe dual pairs return in different generalizations of harmonic and Clifford analysis. In Dunkl 
harmonic analysis (see [25] ) we have the pair (G, s[2(K)) with G a Coxeter group. In super harmonic 
analysis (see [24]) we find the Howe dual pair {SO{m) x Sp{2n) , 5\2{K)) . The Howe dual pair for hermitian 
Clifford analysis can be found in 26 . By defining (7-deformed Clifford analysis we will obtain Howe dual 
pairs with the quantum algebras s[(R)q and osp(l|2)q. 

The Euler operator E = rdr represents the radial part in x^x^ the angular part is given by the Gamma 
operator F, 



xdx 



E- 



(17) 



By using x = r^ with = _ 1^ this equation can also be written as dx ~ —£,{dr + ^L). While the Euler 
operator is scalar, the Gamma operator is a bivectorial operator, F = — X]i<7- ^i^jixidxj — xjOx^)- Using 



Ex = xE + X and (|12p we obtain the commutation relations for the Gamma operator. 



Fx 
Fx2 



x(to 
x^F. 



1-F) 



(18) 
(19) 
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We will also need the main anti-involution on the Clifford algebra Mo.,„, defined by 

ab = ba, for all a,b G Mo.m- 
For Clifford valued functions on the unit sphere there is an inner product 

(/l.9)= / [7g],, 

with " the main anti-involution and [-Jo : Ko,m Hi, the projection onto the scalar part. For two spherical 
harmonics of degree k ^ I, 

[ HkHi = (20) 

(p) 

holds. In particular, we will consider a fixed orthonormal basis of spherical monogenics Mf, , 



SklSpr- (21) 



3 Definition of the operators 
3.1 The g-Dirac operator 

Our aim is to obtain a g-deformed version of the vector derivative, or Dirac operator dx which we will 
denote by (9|. First we derive 4 axioms such an operator should satisfy. Inspired by df{t) = 1 = [1]^ 
and formula (fT2|) we impose d^{x) = [m]q. We also need a good g-deformed Leibniz rule based on ([2]). 
We deform commutation relation ([T3l) in stead of (fT2|) because is scalar. Therefore we can elegantly 
extend dft'^ = qH'^dl + {q + l)t to 

dlx^ = q^x^dl+{q + l)x. 

To obtain a g-deformation of the Laplace operator, (9^)^ has to be a scalar operator. For the last axiom 
we use the Fischer decomposition in lemma [2] to find that a basis for the polynomials of degree one is 
given by 

X, Xie2 + X2ei, ■■ ■ , XiCm + 2:^61. 

It can be shown that all monogenic functions are Taylor series in the XjCi + xiCj, j 1 (see [14[ I15j ). 
This is a generalization of the fact that holomorphic functions (null solutions of the Cauchy-Riemann 
operator dz) are Taylor series in z and not in z. Because 9| should be a g-deformation of the derivative 
with respect to x we do not want it to mix up with the derivation with respect to Xie2 + x^ex. This 
means (9| should satisfy 

9|/ = 

when dxj = 0. Summarizing, d% should satisfy the following 4 axioms, 

(Al) 9|(x) = H, 

(A2) dl^ = q^x^dl^{q^\)x 

(A3) (9|)2 is scalar 

(A4) dlMk = 0. 

We will show that these axioms uniquely define the g-Dirac operator on V ■ 
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Lemma 3. A linear operator on V satisfying {A2) and (A3) also satisfies the property that 
is a scalar operator. 

Proof. We calculate {df)'^x^ using (A2), 

idlfx' = q'dlx'dl+iq + l)dlx 

= + qHq + ik^i +{q + i)dix. 

Rearranging terms yields 

(5|)V-gV(9|)2 = {q+imx + q'xdD. (22) 

Because x^ and (9|)^ are scalar we obtain the lemma. □ 

Lemma 4. For a linear operator on V satisfying {Al) — {AA), the following relation holds, 

dlxMk = [m + 2k]qMk. 

Proof. We know from {Al) that this holds for A; = 0. Now we assume that d^xMk — [m + 2k]qMk holds 
and prove that it also holds for fc + 1 . Using (^44) yields 

dl_xMk+i = {dlx + q^xdl)Mk+i. (23) 
We use {A2), {A4) and the induction step to calculate 

(9|x + q^xdl)xMk = {q+l + q^[m + 2k]q)xMk 
= [m + 2k + 2]qxMk. 

Let Hk+i be an arbitrary scalar spherical harmonic of degree fc + 1, this means xdxHk+i S xAik and we 
can substitute xdxHk+i for xMk in the equation above. Equation (|17l) implies 

xd^Hk+i = (fc + l)Hk+i + THk+i, 

so the scalar part oi xdxPtk+i is proportional to Hk+i. Since {d^x + q^xdf) is a scalar operator (lemma 
[3]) the equation above holds separately for both Hk+i and THk+i- So for every scalar Hk+i 

{dlx + q^xdl)Hk+i = [m + 2k + 2]qHk+i. 

This equation can be multiplied with elements of the Clifford algebra on the right hand side, so it also 
holds for Mk+i- Combining this with equation ([23l) yields 

dlxMk+i = [m + 2fc + 2],Mfc+i, 

so the lemma is proven by induction. □ 

Theorem 1. There is at most one linear operator on V satisfying [Al)~{AA). The action on the Fischer 
decomposition (lemmaWi) is given by 

dlx^'Mk = [2l]qX^'~^Mk 

d^x^^+^Mk = [2l + 2k + m]qX^^Mk. 

Proof. Iterating {A2) yields 

dlx^' ^[2l]qx''-'+q^'x^'dl. 
Together with lemma HI this proves the theorem. □ 
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We introduce a closed expression for the operator which acts on V as in theorem [TJ This ahows it to be 
defined on a function space larger than the polynomials. 

Definition 2. The q-deformed Dirac operator is formally given by 

= i[E + r], = A([E], + /[r],) 

Remark 1. It is important to note that E and V commute, This operator is clearly 

defined everywhere on functions in the space V ® J with J functions of r on ]R+ . This corresponds to the 
spaces mostly used in quantum Euclidean space (see e.g. 

The operator (f" can always be defined on f{x) if qx_ is in the domain of /. It is harder to define q^ . It 
can be defined locally on analytic functions. The Cauchy-Kowalewskaya theorem on the system 

dug{x, u) = r^g{x, u) g{x, 0) = f{x), 

states that g{x, u) is analytical when f{x) is. Because g is analytical, 

3=0 ■'' 

= 5(x,lnq). 

Remark 2. We could also consider functions which are only defined on dM{Ri) for some Ri G and 
are analytical on these (m — I) -dimensional manifolds. The operator is elliptic on these manifolds. 

All the functions we will encounter in this paper are polynomials times radial functions which pose no 
problem. When we take the case m = I we find that 

= -^[eixi{-eid^,)]q 
eixi 

^1 r A 1 

= [Xldx^q 

Xl 

so the one dimensional case is a special case of this theory. 

Theorem 2. The operator df in definition\^is the unique linear operator on V satisfying axioms {A\) — 
(A4). 

Proof. Definition [2] and equations (fT4|) and (fTSj) imply that df. satisfies the properties in theorem [1] so it 
is unique. We only need to show that d'j. satisfies the axioms [Al) — {AA) to prove the existence. Axiom 
{A\) is trivial, axiom {A2) follows from formula ([T9|. 

d^x^ = i[E + r],x2 

= ^2-[E + 2 + r]„ 

X 

= a;^^(g + l + g^[E + r]g) 

= q^£dl + {q + l)x. 
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To prove axiom (^3) we calculate 

[dlfx^^Mk = [21 ~2 + 2k + m]q[2l]qX^^-'^Mk 

Since every scalar spherical harmonic can be decomposed as Hk ~ Mk +a;Affe_i, we find that 

(a|)V'i7fe = [2l]g[2l^2 + 2k + m]qX^^-^Hk. (24) 

Since the set {xP'^Hk] spans all scalar polynomials (lemma [T]), (9|)^ acting on every scalar polynomial is 
scalar. Axiom {AA) follows immediately from the definition. □ 

The operator in definition [2] is of the form 

m 

dl=-e,Y.^^ (25) 

where Di are scalar operators. Because of lemma[l]it suffices to calculate the action on scalar polynomials 
xP'^Hk, with decomposition Hk = Mk + xMk-i, 

dlx^'Hk = [2;],x2'-iiJfe+gV'[™ + 2fc-2],A4_i 
which clearly is a vector. Since, by axiom (v43), the square of 9| is a scalar operator, 



■m 

= - E + E ^^^^ (^^^j - ^j^^) 

is scalar. Since the set {eiej,i < j} is linearly independent, the operators Di must all commute. We 
will call them the g-partial derivatives. The Dirac operator dx is invariant under the action of Spin(m), 
the universal cover of SO{m). How the spin group can be realized in Clifford analysis can be found in 
[14j and jl5) . Because multiplication with x_ is also Spin(TO)-invariant, we find that 9|, as defined by 
definition [5] is also Spin(m)-invariant. 

Lemma 5. The q-Dirac operator in definition\^ satisfies 

dl_x = [E-r + m],. 
Proof. We use commutation rule (|T8| to calculate 



d^x = ^[E + r],^ = [E + 1 + m - 1 - r]^. 

□ 

Lemma 6. For f a scalar function of r, we have the following Leibniz rule 

dlf{r) = dl{f{r)) + f{qr)dl ^ -/^'^ + f(qr)dl 

- {q - l)x 



9 



Proof. Because T commutes with r we find 



= i([E]J(r)+g^/(r)[r],) 



X X X 

/(gp - f{r) 
{q - Ik 



f{qr)dl. 



□ 



3.2 The g-Laplace operator 

As in the undeformed case we define the q-Laplace operator as minus the square of the g-Dirac operator. 
Definition 3. The q-deformed Laplace operator on analytic functions is given by 

Because df.df.{Mk + x_Mk-i) = we find that the spherical harmonics are the polynomial null solutions of 
the g-Laplace operator. The undeformed Laplace operator can be decomposed into its radial and angular 
part, 

r^A = E(to - 2 + E) +r(m - 2 - r). 

The angular part is the Laplace-Beltrami operator 

Alb = r(m-2-r), (26) 

which is clearly scalar although it is defined here using the Clifford valued Gamma operator. We will 
also derive such a decomposition for the g-Laplace operator. It turns out that the angular part of the 
q-Laplace operator will be given by 

Definition 4. The q- Laplace- Beltrami operator on analytic functions is defined as 

Ais = [r]jm-2-r],. 

This operator is scalar, which is not obvious at first sight. This is a consequence of the decomposition of 
the g-Laplace operator in theorem [31 Property of the Gamma operator implies that the g-Laplace 
Beltrami operator commutes with radial functions. 

Theorem 3. The q-Laplace operator can be decomposed as 

A, - q^-Hd'^)' + [m-l],^d?. + ^q^A%, 
r^Aq = [E],[m-2 + E], + g^[r]Jm-2-r],. 
Proof. We calculate using definition [21 lemma [SI and formula (|T5)) 

1 



r^Aq = x[E + r]jE-r + TO] 



([E + m - 2], + g^+™-2[-r],) ([E], + /[r],) 

[E + m - 2]JE], + ([r],[E + m - 2 - T], + q^'-^i-TUE],) 

[E + m - 2]JE], + q^[T]g (^[E + m - 2 - r], + g"-2^_(i_Ai [e]^ 

[E + m - 2]JE], + q^[T]q[m - 2 - T],. 
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This leads to the second expression, the first one can be found from 



1 



1 



-[E]Jm-2 + E], = -9«([m-2], + (7™-^r<9«) 



□ 

Remark 3. In \27l a theory of Clifford analysis in superspace was developed by constructing a Dirac 
operator which satisfies — A with A the well-known orthosymplectic super Laplace operator. Using 
definition\^we can also construct a theory of q- deformed Clifford and harmonic analysis in superspace. 

The decomposition of the g-Laplace operator in theorem [3] can be used to calculate the action on the 
product of a radial function and a spherical harmonic. 

Lemma 7. For f a function of r and Hk a spherical harmonic of degree k, the following holds 

1 



AJir)Hk = Hk 
Proof. Since AgHk — 0, theorem [3] yields 



q 



[d^y + [m-l + 2k]q-d'}. 



fir)- 



q^ALBHk = -[k]g[m-2 + k]gHk. 



We use this to calculate 
AJ{r)Hk = Hk 



\[E + k]g[m-2 + E + k]g- ^q^[k]g[m -2 + k]g 



fir) 



1 



= Hk^ [mg[m-2 + E + k]g + q^[k]g[m-2 + E + k]g-q''[k]g[m-2 + k]g] fir) 
= Hk^ [[E]g[TO-2 + E + fc], + (7^[fc],g"-2+fcp]^] 

= i/fc^[E]g[m-2 + E + 2fc],/(r). 



This is the usual action of A^ on fir), with substitution to — >■ m + 2k. 



□ 



It is inelegant that scalar operators like the g-deformation of the Laplace and Laplace-Beltrami operator 
are defined only using Clifford algebras. Therefore we derive purely scalar expressions for A'j^g and Aq. 

Lemma 8. The q- Laplace- Beltrami on analytic functions is given by 



A'' 



^ 2 



- - 1)2 - AlbUj - 1 + J(- - 1)2 - Alb],. 



Proof. It is not a priori clear that the right hand side is well defined. In the case g = 1 we find 



so there does not really appear a square root of the Laplace-Beltrami operator, which would be ill-defined. 
The same thing happens in the g-deformed case. The right hand side is defined by a series expansion, so 
it is equal to the series expansion of 



_ g¥-i2cosh(lnq^(f - 1)2 - Alb) + 1 
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Using equation (pS)) . we calculate 



cosli(lnq^/(--l)2-AiB) 



(lng^(r-f + 1)^)2' 



E 

oo 

E 

(=0 

cosli(lng(r 



(20! 

(ln(z(r-f + 1)) 



21 



m 

m 
^ 2" 



!))■ 



This means the expression on the right hand side is equal to 



-i(gr- 



-i-r\ 



1 



q 



?Tl-2 



q 



,m-2-r 



(9-1) 



(g-l)2 

which is the g-Laplace-Beltrami operator in definitional 

Similarly we can prove the following scalar expressions for the g-Laplace operator. 
Theorem 4. The q-Laplace operator on analytical functions is given by 



1 



E+--1 



(E + — - 1)2 -r2A 



A 



LB 





TO 




y 


m 


- 1 







m 



□ 



r2A 



TO 



As we will see the g-Laplace operator is related to a fundamental object in quantum Euclidean space, 
without connection to Clifford analysis. It is remarkable that it is defined more elegantly using Clifford 
algebras (which disappear in the resulting operator) in theorem [31 than without Clifford algebras, in 
theorem |4l 



3.3 A g-deformed version of s[2(Il^) and osp(l|2) 

In classical harmonic analysis the 50(m)-invariant operators r^/2, A/2 and E + ^ generate the Lie 
algebra 5(2 (R), see [TC]. These operators also generate as an associative algebra the universal enveloping 
algebra of s[2(M). By g-deforming this to t/g(s[2(K)) we take one of the two dually related ways to 
g-deform a Lie-algebra. We define 

^ = ^ + ^'S^l) ^ i±l ([E + TO - F], + g2 [E + F],) . (27) 

This operator is scalar, see lemma El We will use the notations {A,B}c = AB + cBA and [A, = 
AB — cBA. Rewriting equation (|22l) and a straightforward calculation lead to 

[A,/2,rV2]^, = E 

[A,/2,£;]^. = HAa,/2 
[Ey/2\^^ = Ml,2/2. 

So r^/2, Ag/2 and E form a g-deformed version of s[2(K)- This corresponds to the su(l|l)g quantum 
algebra in [28j, which is defined by operators Li,L_i and Lq, satisfying 

q~^LiLo - qLoLi 
q^^LoL^i - qL^iLo 
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This algebra is obtained from the identification Li = i_i = £- and Lq = E. Now we prove 

that these generators of sl2(R)g are still S'0(m)-invariant. Therefore, a deformation of the Howe dual 
pair (S'O(m), s[2(R)) to (50(m), s[2(M)g) is obtained. 

Lemma 9. The operators r^, Aq and E are SO{m)-invariant. 

Proof. Since the undeformed operators are 50(m)-invariant, we find that is S'0(TO)-invariant and 
using theorem |4] that is S'0(m)-invariant. Because E can be written as the g'^-commutator of and 
Aq it is also invariant. □ 

The module (Bjr'^^Hk forms a lowest weight module for the representation of s[2(IK) given by the action 
of A, and E + m/2. The lowest weight vector is Hk with lowest weight to/2 + k. The action of Aq, r^ 
and E has the same structure but with q-deformed coefficients, so we also obtain a lowest weight module 
fors[2(R)9. 

We can consider a larger algebra than SI2, generated by dx and x. Then we find the Lie superalgebra 
osp(l|2). Here we give the g-deformed commutation rules of the algebra generated by and x 



{x,x} 



-2r' 



9+1 



E {a^,a^} = -2A, 



and 



[X, 

[\,^]q2 



^ 



i'^)r^d1 



d!^,E 



= -(9 + Ik 

= 



)xA„ 



As an illustration we calculate [Aq,x]^2, using definition [21 lemma [3 the fact that E and T commute and 
axiom {A2) 



-xdldlx = -dlxxdl 



Since 9| is Spin(m)-invariant we also obtain the Howe dual pair (Spin(TO), osp(l|2),j). 

4 g-analogues of the radial Schrodinger equation 

In [BJ [7] the Schrodinger equation of the harmonic oscillator in the m-dimensional quantum Euclidean 
space was studied. The symmetry group of the construction is SOq{m), see [H]. The Hopf algebra 
Funq(SO{m)) of functions on SOq{m) are power series in T^j, with Tij{g) the matrix of the fundamental 
representation for g G SO{m). They satisfy TCT^ = C, for the metric C and have commutation relations 
determined by the braid matrix R, R^^fT^T^ = Tj'T^Rfp. In the undeformed case R]^i = Sik6ji. The braid 
matrix can be written using projection operators as 

The braid matrix is connected to the metric by the relation {ViYi^i ~ Tri^^ff^- ^^'^ commutation relations 

for the variables and the derivatives are given by {J^ aS^^x^x^ — and (V Af^^d^d^ = 0. The action of the 
derivatives is given by the Leibniz rule 

aV = C'^^qR%x^d\ 
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The metric is used to define the generahzed norm squared 



X ■ X = x'^CijX^ and the Laplace operator 



d ■ d = d^Cijd^ , they are clearly S'Og(TO)-invariant. The function space considered is freely generated by 
the x'' modulo the "P^-commutation relations. The center is generated by 1 and x'^ (see [51 [71 ITS]). 
This allows to construct a q-deformed Hamiltonian with the corresponding Schrodinger equation 



H-^ = [-q"'d-d + x-x]'9 = 



(28) 



which has an SOq{'m) symmetry. In [5] this equation was first solved by constructing creation and 
annihilation operators. Then it was shown that this equation could also be solved using an ansatz of the 
form 



where is of degree k and satisfies d ■ dSl = 0, so it replaces the notion of a spherical harmonic. 
The Schrodinger equation (|28p then led to the following equation (we use an unimportant different 
normalization of the energy) 



rn+2k2(c,q- 



5(^') = 



E 



1 



(29) 



In this equation x'^ can be treated as a normal variable, so we take = x'^ and g has to satisfy a 
q-diffcrence equation. By substituting g{x^) = f{r) and calculating 



g{q'x')-g{x') 



(q2 
1 



l)a;2 

f{qr) - fir) 



iq + l)r iq-l)r 



we find that equation 



1 



leads to 



fir) 



Efir). 



(30) 



This equation was studied in [T7] and (TS] . With the g-deformed Laplace operator in definition [3] it is 
possible to put this equation into a Schrodinger equation completely determined by g-analysis, without 
quantum variables. By lemma [71 the equation (j30p for /(r) is equivalent with 



1 



q 



-[-A, + r^]f{r)Hk = Efir)Hk 



(31) 



for Hk an arbitrary spherical harmonic. So, the entire quantum system in g-Euclidean space can be 
replaced by the g-Schrodinger equation in undeformed space, 

1 



- [-A, + r2] *(^) = E^iix). 

The dimension of the space of spherical harmonics does not depend on q, so dim 5^ = dimHk, see 
[6j [2l [ini [29l [30]. This means the energy eigenvalues and multiplicities of more general Schrodinger 
equations [— A, + Vir)] ^(^) = E'i'ix) are equal to those of the corresponding Schrodinger equations 
in quantum Euclidean space. This spectrum can be found using separation of variables and the results in 
[8]. As an example we consider the free particle Agipix) = —Pipix) as in [29]. The ^'-difference equation 



with / an even function is solved by 



fir) 



[TO + 2fc- i],-a« 



(-1)" 



fir) = -I'fir) 



^^TQin+l)TQ{f + k + n) \q + 1 



Ir 



2n 
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This corresponds to the g-Bessel functions introduced by Jackson, 



Hk{x) q 



The odd case leads to the g-Neumann functions, see [29] . 

5 g- integral ion 

5.1 One dimensional case 

The following lemma about one dimensional (/-integration follows from straightforward calculations. 
Lemma 10. For q < 1, k £ N and a, 6, c G M, the following relations holds, 

(i) [ dqut'^ f{t)^[k]q f dqtf{t)t''-^ 



ill) / dqtfict) = - / dqtfit) 



{in) 



dgtfit)^ f d,i/(i) + (l-g)a^/(ag-^)g- 
Jo Jo 



For the sequel we will need the g-integral of eQ(— i^) with Q = q^. First we need the following lemma. 
Lemma 11. The zeroes of the exponentials defined in ^ and (0) are given by 

k+i 

E„(- ) = if q> I and 

1-9 

-k 



eqi^) = ifq<l 



for fc e N. 

Proof. We start from the ^-difference property © of the g-exponential 

Eqiqu) = il + iq-l)u)Eqiu). 

This implies that Eq{qu) = if and only if either Eq{u) — oy u — So we obtain = 

for all /c e N. We still have to prove that these are the only possible zeroes. If we assume Eq{t) — 
with t ^ then this would imply, since \i-aij^^q^H = 0, that i?g(0) ~ 0. This is not the case as 
formula ([7]) implies Eq{0) = 1. The second claim can be found immediately by making the substitution 
q-^q~^. □ 

Using lemma [TOl lemma [Til and integral representation ([T0| we can calculate the g-analogue of 
/jjjdtt""^ exp(— t^). This result can also be found in [T]. 

Lemma 12. For q < \ and with \q = '\J'j^' following holds 

r dqte-^eQ{-e) = ^ofrQ(^). 
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5.2 ^-integration in 

One dimensional integration is defined in equation ([5]). The aim of this section is to generahze this 
concept to higher dimensions, corresponding to the g-deformation of the vector derivative. This means 
we want analogues of equation (|6]). In classical Clifford analysis, these are given by Cauchy-type formulae 
in higher dimensions, see [TH [121 1311 In this section we will always assume q < 1. Before we define 
q-integration in we repeat a well-known fact about the F-operator. For / and g two Clifford valued 
differentiable functions 



Now we define our g-integration on M™. There have been made other approaches to generalize Jackson's 
q-integration to higher dimensions (see [71 l30[l551l34) ). but those are integrations over quantum variables, 
while we use a g-integration over commuting variables. One approach is based on Gaussian integration 
and the necessity for a Stokes theorem ( 7, 33 ). Our approach is more closely related to integration over 
the quantum Euclidean sphere ([SD]), but as we will see, also satisfies Stokes theorem. 

Definition 5. For every function f on the ball with radius R, B™(i?), for which the expression is finite, 
the m- dimensional q-integral is given by 



with dqV the measure in ^Bj). 

We could also use the infinite Jackson g-integration (see [I] [HIS]) to construct g-intcgration on entire R™ 
but we will not need it here. 

Remark 4. The function f only has to be defined on the spheres 9B™(g'^i?), fc G N for this integral to 
be well defined. By considering all integrations on the balls B'"(g') for I ^ 1^ we obtain a mapping of 
functions defined on {dM™{q'^)\k e Z} C K™ into functions defined on the set of points {q'^\k € Z}. 

Applying lemma [TUT h) yields 




This equation together with the series expansion of q^ 



yields 



Lemma 13. For f and g two Clifford valued analytic functions, 






(32) 



Now we are ready to state and prove the Cauchy formula for the g-Dirac operator. 



Theorems, (q- Cauchy formula) 

For f and g two Clifford valued analytical functions on B™ (i?) , the following relation holds. 




Proof. First we use equations (Hj), ^ and dH) to calculate 




R^'-'fiRO^gim 
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Jo Si- Jo 



Q3L Jo 3L 



'd,rr^-'f (H, + -g + q"'-' ^ d,rr"^-\m,f)-g{qx). 

X Jo X 

The above, lemma [5] and lemma [13] lead to 

/ d,V{x)J{dlg) = / d^ r d,TT^-'J{\m], + q^\n, + [-T],q^+^)-g 
Jb'^^{r) ~ Js™-i Jo 3L 

= -R"'-^ I diJm^giRQ-q"'-' ( d,V{x)mJ)-9im) 
+ / dC r d,rr"^-^JpC\J)-g{qx) 



/ d^ .f{x)xg{x) + / d,V{x)- (g-r([E + r],)/).9(gx) 



= di f{x)xg{x)+ d,V(x){q^{dl)f)g(qx). 

JdB'^iR) JB™(_R.) 

This concludes the proof. □ 
As a special case of this theorem we obtain the generalization of formula ^ to the m-dimensional case. 
Corollary 1. For g a Clifford valued analytical function onW^{K), the following Cauchy-formula holds, 

I d,V{x) [dig) = / di xg{x). 

JM'"(R) JdK'^iR) 

When we take g scalar, the formula in this corollary falls apart into formulas for the g-partial derivatives 
Di in formula p5|). In particular, for a function which vanishes on 9B'"(i?), corollary [1] implies 



/ dqV{x)D,g = 0. 



This shows the link with the Gaussian integration method in [7] and |33j . The g-partial derivatives Di 
take the place of the derivatives with respect to the quantum variables. 

The term q^ which appears in theorem [5] is dropped when we consider the Laplace operator. 
Corollary 2. For f and g two Clifford valued analytical functions on B™(i?) with g ^ = d].g on 

f dgVix)fiqx)iA,g) = / d,V{x)iAJ)giqx). 

Proof. We start by putting f — h and using theorem [5l 

/ = - / d,Vix)q^dlq^f(x) (g^a^g), 

JB^Cfl) JB"(_R) 

where the surface term vanished because {d!j.g) = on the boundary. Using formula ([32l) . lemma ITor Mz) 
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with {d^g){R(,) = and theorem [S] then leads to 



/ 



dqV{x) h{qx) [didy) = -q / d,v{x) q^dih{x) [dy) 

1 



, d,V{x)q^dlh{x){dlg) 

1 



r,7n — l I , , 



d,V{x)q^dlh{x) {dig) 



1 JM"^(R} 



1 Jm'"(r) 



d,V{x) q^dU^dlh{x)g[qx) 



dqV{x) q^q"'-^-^dldlh{x) g(qx). 



The surface term in the q-Cauchy theorem was again zero because g = 0. The g-Laplace operator is 
scalar, so A, — Ag and the proposed formula is obtained. □ 

6 Hermite polynomials 

6.1 One dimensional case 

A lot of approaches have been used to study q-deformed versions of the Hermite polynomials, see e.g. 
[TJ [Til HH [13] ■ Because of the different definitions and normalizations in the literature we give a short 
overview of the q- Hermite polynomials. We choose a normalization such that Imiq^i H'^(t) = Hk{t), with 
iJfe the classical Hermite polynomials. The starting point is the q-Hermite's equation of Exton, see [T2] . 
This leads to a recursion relation, which is mostly used to define g-Hermite polynomials. We will also 
calculate the creation and annihilation operators and derive an orthogonality property. Most of these 
results can be found in [1]. 

Definition 6. The q-Hermite polynomial H'^ is the polynomial of the form 

lk/2\ 

j=o 

with — (q + 1)'^, which is an eigenvector of the q-Hermite's equation 

Mf-iq + l)tdf]fit) = -iq + l)\f{qt). 
From the definition we immediately find that the eigenvalues are 

The exact form of is 

L^^J I fk-2j 

Taking the limit q I we find Hk{t) = X]j-={f'^ (-1)J2''~^J {k-2j){j\ ^''^'^^ ■ show the recursion 

formula and the annihilation operator. The simplest way to prove these is by considering the coefficients. 

Theorem 6. The following recursion formula holds for the polynomials introduced in definition\^ 

{^Hl^, = {q+l)tHl-{q + l)[k]gq^+^Hl_, 
when k> 0. The annihilation operator for the q-hermite polynomials is d1 , 

{^^)^?Hlit) = iq + l)[k]gHl_,{t). 



18 



In the classical case the creation operator can be obtained from either the combination of the annihilation 
operator and the recursion formula or the combination of the annihilation operator and the Hermite's 
equation. In the g-deformed case these two approaches lead to different creation operators. 

Theorem 7. For as defined in definition\^ the following relations hold for k > 0, 

{l)Hl{t) = {{q + l)t-q^dt)Hl_,{t) 

and 

{^i)Hl{qt) = q\{q + l)t~dt)Hl_,{t). 
For our purpose we use the following g-exponential based on formula ([8]) with Q = ^ 

OO j 

eQ{u) = (34) 



This exponential satisfies [eQ(— t^)] = — (<? + l)teQ{~q'^t^). Together with theoremtT^M) and Leibniz 
rule dS]) this yields 



HUqt)eQ{-qH') = -q'^ d1 [Hl_,{t) ^Qi-^]- (35) 

Now we have all the necessary tools to prove the orthogonality relation for the g-Hermite polynomials. 
The proof can be found in [I] or from the steps in the proof of theorem [10] using theorem|6ljM) and formula 
13. 



Theorem 8. When q < \, the q-hermite polynomials are orthogonal with respect to the inner product 
(/l5> = /-A« d,tfgeQ{~t^) with Xq' = j^, 



d,tHl{t)H'}{t)eQ{-t') = J,,2(g+l)'^-igi('=+i)('=+2)[^]^,p^(l)^ 



Remark 5. The inner product defined above is only positive definite if one considers functions defined 
on the set of points {iAgg-'lj G N}. 

6.2 Clifford- Hermit e polynomials 

Inspired by the g-Hermite's equation in section 16.11 and the g-Dirac operator we define the g-deformed 
Clifford-Hermite polynomials as solutions of a q-Clifford-Hermite's equation. The Clifford-Hermite poly- 
nomials were introduced in [20]. We will not repeat their properties here, as they can be found from 
taking the limit q ^ 1. 

Definition 7. The q- Clifford-Hermite polynomials are of the form 

Lj72J 

Hl„,^ki3i)Mk = E «f V-'^M,. (36) 

i=0 

with Mk a spherical monogenic of degree k. They are eigenvectors of the q- Clifford Hermite's equation 

[A,-{q + l)xdl]f{x) = -(g + l)A/(gx). 
The normalization is given by aj'^ — (? + l)"*- 

In this section we will use the notation 2/3 = m + 2k, assuming that we take k fixed, and Q = q^ . By a 
quick calculation and theorem [T] we find that the eigenvalues are given by (j = 2t or j = 2t + 1) 

\2t+M = [2t + m + 2fc],<7-2t-i-fc ^ + + ^j^^_t_(fe+i)/2^ 
The explicit form of the g-Clifford-Hermite polynomials is given by 
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Lemma 14. The coefficients of the Clifford-Hermite polynomials in definition^ are given by 

{q + 1)2*Q^^(»+1) Q [t-l + P]Q[t-2 + f3]Q---[t-l + f3]Q 



2t,k 

a. 



and 

2t+l,k 

a, 



= (g + l)2*+iQ^«(^+i)Q [t + p]Q[t-l + p]Q--.[t~i + l + f3]c 



Proof. First we calculate, using equation p4| 

' '^\q[zi - + m -\- -ZK\qa^_-^x-' ' IVlk 



and using lemma [T] 

xdlaf^'^x^'^^'Mk = [2t - 2i],af ' V*"''Mfc. 
Substituting these results and X2t.m,k = [2i]gg^^*^'' in the differential equation leads to 

[2t -2i + 2]g[2t -~2i + m + 2k]qaf_:'l = + ^)af'^ {[2t]qq-^'-^ q^'-'^'+^ - [2t - 2i]g) 



iq+l)at 



^2 2t..kQ''iQ'-l) 



or 



2t,k _ ^i [t - i + ^Q[t - i + P]q 2t,k 

Iterating this yields a^*''^. The a^*^^''" are calculated in the same way. □ 
Using the Q-Gamma function leads to the explicit form of the g-Clifford-Hermite functions, 

and 



We only defined the FQ-function for Q < 1, but for Q > 1 the notation above can still be used to denote 
[f-l+m/2+fcfQ ! • "^^^ g-Clifi'ord-Hermite polynomials are connected with a g-deformation of the Laguerre 
polynomials in p[]. We define >C"(-|Q) by 

^2\™,.fe) = {q + ir[t]Q\Cf^''-\AQ) (37) 

^2Vi,™,.(£) = {q + ir^\t]Q\xLf^\r^\Q). (38) 

These Laguerre polynomials are also related to those in [^J [H], as we will show later. In particu- 
lar we obtain a g-deformation of the classical relation between one dimensional Hermite and Laguerre 
polynomials, 

= {-i)\q+ir[t],.\c;hu'\q'). 
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Lemma 15. The q- Clifford- Hermite polynomials satisfy the following relation 



with C(2t,m,k) = (g + l)^[i]Q and C{2t + l,m,k) = {q + l)'^[t + I3]q. 
Proof. For the even case the lemma follows from considering the coefficients, 

5|af^V*-''Mfc = ((7 + l)[t-z]Qaf'V*-'-''M, 

The odd case is calculated similarly. 

The g-Clifford-Hermite polynomials can also be calculated using a recursion formula. 
Lemma 16. The q-Clifford-Hermite polynomials satisfy the recursion formula 

with D{2t,m,k) = (g+ 1)^Q*+'^Mq and D{2t + l,m, k) = (g + 1)^(5*+^* + 
Proof. We prove this again by looking at the coefficients. They have to satisfy 



For j = 2t we obtain 



2t,k 



a. 



(9 + 1) 
[t~i + l3]c 



2t+l,fe 



D{2t,m,k)- 



a. 



a. 



2t+l,fe 



1 



+ D(2t,m,k) 



(-l)(<Z + l)2[t]Q[t + /3]Q 



{[t-i + P]Q-Q 



t+/3r 



l) 



The odd case is proven similarly. 

Similar to the one dimensional case there are two creation operators. 

Theorem 9. The q-Clifford-Hermite polynomials satisfy the following two relations 

with (J2t = 2t and o'2t+i = 2t + 2fc + m and 



{^^)Hl^^^{qx)Nh 



dl + {q + l)x Hl,.{x)Mk. 



□ 



□ 



Proof. These two equations can be found from combining lemma [16] with lemma [15] and from combining 
lemma ITS] with definition [7] □ 



Using the definition of the g-exponential ([34| and the Leibniz rule in lemma |6] yields 

dlegix') = eQ{q\')[dl+{q+l)x], 
so theorem [9Jm) can be written as 



Hl^Jqx)AheQiq'x'^ 



<l'dlH]_,^^^,{x)MkeQ{x'). 



(39) 



(40) 
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Theorem 10. For q < 1, with R™ = B™(Aq) and Ag = j-zq; q- Clifford- Hermite polynomials 
orthogonal with respect to the inner product 

{f\9)^( d,V{x)[fgeQ{x^%. 
For the even Clifford- Hermite polynomials this means 



for the odd case 

dgVix) 



and for the mixed case 



d,V{x) Hl^^,.Mi''^Hl,.Ml^hQ{x') 



^ 0. 



Proof. Equation pop implies that k — I is necessary for the Chfford-Hcrmite polynomials not to be 
orthogonal. Using equation ([32l) and equation (|40l) yields 



/ d,Vix)Hl^,M,Hl^,M,eQ{x') = q"^+"^f i?^^„_,fe)M, iJf ,„ ,(ga:)M, eQ(9 V) 



m+2k+t 



,Vix) Hl^ ,{qx)M, (dlHl,^^ ,{x)Mk egfe') 



Now we use theorem [5] with eQ{—Q ^ i4q) — (lemma [TT]) and lemma [T51 



_ ^m+2k+t 



dgV{x) q^dlHl.{qx)Ah Hl_,.{qx)q^NheQ{q\^) 



= g™+''=+'+^C(j, m, fc) / d,V{x) q^H]_, „ ,(ga;)A4 Hl, ,^ ,{qx)Mk eQ{q^x') 
= q''+'+'C{j, m, k) j d,V{x) mJ HU ^ f^Mk egfe^). 

Substituting equation (fT8|) for the even case yields 
and for the odd case 

The theorem follows from iterating these results and lemma [T^ 



d,rr"'+^''-'eQ{-r')Sp 



□ 
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Finally we take a closer look at the even Clifford-Hermite polynomials H^j ^ k^^- Because Mk € Hk, 
Mfc is of the form H^qa with aA G Ro,m and i/^ scalar spherical harmonics. From lemma [15] we 
find that AqH!^j^^j^Mk = -C{2j,m,k)C{2j - i,m,k)H!^j_2 „ij,Mk. Because A, and H2j,m,k are scalar 
this formula also holds for the each scalar part H!^j m k-^k ■ We define the scalar g-Clifford-Hermite 
polynomials as i/lj i^Hk for Hk a scalar spherical harmonic, the annihilation operator is given by 



m 



\Hlj,m.,kHk = -i<l+mj]Q[j + ^ + k~l]QHl^_^,^^^Hk. (41) 
In order to obtain the creation operator we apply theorem [9Jm), 



H2j-2,m,kMk- 



Since this operator is again scalar, see lemma |3l this also holds for the scalar g-Clifford-Hermite polyno- 
mials, 

H2j,m,kHk = _Q2j + k-E-l _ 4^ ^ ^2(^ ^ ^)2^2] H2j-2,m,kHk. (42) 

6.3 Generalized Laguerre polynomials 

In the previous section we found g-deformed generalized Laguerre polynomials from the relation 
For a general a > — 1 we define the Q-Laguerre polynomials as 

These are the second type of Laguerre polynomials considered in [T]. When we make the substitution 
Q q~^, using [k]q-i — q^~''[k]q, we find 



i=0 



These are the g-Laguerre polynomials in [22^, or with a different normalization in [21]. In [T] both the 
g-Laguerre polynomials, which are connected with the substitution {q -H- q~^) were studied. We could 
also have used a second type of g-Hermite polynomials (see [1 ) to generalize to the Clifford setting to 
obtain the g-Laguerre polynomials in [22] . The Q-Laguerre polynomials can be defined as the solution of 
the Q-difference equation (see [1]) 



uidSfCnu\Q) + {[a + l]Q^u)dSC?iu\Q) - [-t]QCnQu\Q)- (43) 

For a = "^^ + k — 1 this is equivalent to the differential equation in definition [7] Equation P5)) can be 
written using the g-exponential 

d^{eQ{~u)u''+^d^mn\Q)) = [-t]Qu''eQ{-Qu)Ct{Qu\Q). (44) 

Using this we can prove the orthogonality of the Q-Laguerre polynomials, which is another way to prove 
the orthogonality of the Clifford-Hermite polynomials. 
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Theorem 11. For Q < I the Q-Laguerre polynomials for a fixed a > — 1 are orthogonal with respect to 
the inner product 



{f\g)a = / dQUu°'f{u)g(u)eQ(-u). 
Jo 

Proof. Equation (j44|) leads to the following relation 

[q{u\Q)eQi-u)u"+'dScnu\Q) - Cnu\Q)eQi~u)u"+'dSq{u\Q)] 

= (Hh - [-j]Q)u''q{Qu\Q)eQ{~Qu)CnQu\Q). 

The orthogonality then follows from For a ~ ^ + k — 1 the result can also be found from theorem 
[TOland lemma [TOtz). " □ 

Finally we construct a family of realizations of Uq (su(l|l)) for which the g-Laguerre polynomials will be 
the eigenvectors of their representations. We define 

^^_ Q-«-^ [A,-4£; + g^(g + l)V] ^^^^ A, 



(g + l)2 

and write equations (1421) and (I4ip in terms of the g-Laguerre polynomials, 

Acf_-',''^\r'\Q)Hk = -[j]QQ'~''-''-'^cf^'''\r^\Q)Hk 

and 



BC/^'-\r'\Q)Hk = -[j + - + k-l]QCl_r-\r^\Q)Hk 



We define C = [A, BJq, from its definition we find 

Ccf+''~\r'\Q)Hk = Qi-^.-fc-^ (^[j + !^ + k- 1]q[j]q - Q-^[j + y + k]Q[j + 1]q) Cj+''-\r^\Q)H^ 

These calculations yield 

{AC-Q'CA)q^''-^[r'\Q)Hk = (Q + l)A£7+'"\r2|g)i?fc 

and 

(CB-Q'BC)Lj^'''^{r'\Q)Bk = (Q + l)BCf^'''\r^\Q)Hk. 

Since the scalar Clifford- Hcrmite polynomials constitute a basis for R[a;i, • • • , Xm] (lemma [1]) this suffices 
to prove the following su(l|l)q-relations, 

[A,C]q, = {Q + 1)A 
[C,B]q, = {Q + l)B. 

Hence we obtain a family of representations of su(l|l)g. This fits into the theory of relations between 
representations of quantum algebras and g-special functions, see e.g. |31[351[33]. For every k,m gN, we 
define the operator A™ on the space of polynomials in one variable M.[t] by 

[ATf{t)]{t^r^)Hk{x) - Af{r^)Hkix) 

with X e W" and Hk an arbitrary spherical harmonic of degree k. The operators i?™ and C™ are defined 
similarly. 
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Theorem 12. For every k,m ^ N, the set of operators {yl™,i?™,C™} generate the su{l\l)q- quantum 

algebra. The basis {L^^^ ^ {AQ)\i ^ -^l 0/ M[i] is the set of eigenvectors for this representation of 
su(l|l),. 

The su(l|l)g algebra appearing here can be Unked with the version of Uq (su(1|1)) in [36]. Define Jq by 
the relation 

C - -Q-2^"[2Jo]q, 

this implies JoCf^''~\r^\Q)Hk = i (2j + f + k) cf^'''\r^\Q)Hk, so 

[Jo, A]^ A and [Jq, B] = -B. 

By defining J+ = Q'^°A and J_ = qB we calculate 

[J-,J+] = qBQ''<'A-qQ'"AB 
= qQ-'" {QBA - AB) 

= -qQ-^"C 

QJo _ Q-Jo 
Ql/2_Q-l/2- 

This relation together with [Jo, J±] = ±J±, shows that J± and Jo generate the Uq (su(1|1)) algebra in 

m- 

7 Conclusion 

Our aim was to extend the existing g-calculus with a theory of partial derivatives in higher dimensions 
and a g-Laplace operator acting on functions in commuting variables. This was done by imposing four 
natural axioms that a g-Dirac operator should satisfy and led to a unique q-Dirac operator. Since this is 
vector operator, it implies the definition of g-partial derivatives. The g-Laplace operator was defined as 
minus the square of the g-Dirac operator and is scalar. 

The g-Dirac operator and the vector variable generate the quantum algebra osp(l|2)q, the g-Laplace 
operator and the norm squared generate sl2(M)g, the even subalgebra of osp(l|2)g. This s[2(R)g al- 
ready appeared in other g-calculus problems and in quantum Euclidean space. Since the q-Dirac and 
q-Laplace operator still possess their Spin{m) and SO{m) invariance, we obtained the Howe dual pairs 
{Spin{m), osp(l|2)g) and {SO{m),sl2(R)q). This can be a starting point for the study of general Howe 
duality including quantum algebras and quantum groups. 

The g-Laplace operator defines a g-Schrodinger equation. It is shown that the S'0(TO)-invariant q- 
Schrodinger equation on undeformed Euclidean space is equivalent with the (m)-invariant Schrodinger 
equation on quantum Euclidean space. This is an example of the interaction between quantum groups 
and g-calculus. 

The g-difference equation for q-Hermite polynomials and the g-Dirac operator lead to a g-deformation 
of the Clifford-Hermite equation. The corresponding g-Clifford-Hermite polynomials have creation and 
annihilation operators and satisfy a recursion formula. These properties and a g-Cauchy formula lead 
to an orthogonality relation for the g-Clifford-Hermite polynomials. The g-Clifford-Hermite polynomials 
can be expressed in terms of the g-Laguerre polynomials. This identification leads to a realization of the 
sUg(l[l) algebra action on IR[<]. The weight vectors of this representation are g-Laguerre polynomials. 
This gives a new g-calculus interpretation to the appearance of quantum algebras in the representation 
theory of q-special functions. 

Acknowledgment 

The authors would like to thank Hendrik De Bie for helpful suggestions and comments. 



25 



References 

Exton H 1983, q-hypergeometric functions and applications. (Ellis Horwood Chichester) 

Gasper G and Rahman M 1990, Basic hypergeometric series. Encyclopedia of Mathematics and its 
Applications, 35. (Cambridge: Cambridge University Press) 

Jackson F 1908, On g-functions and a certain difference operator. Trans. Roy. Soc. Edin. 46 , 
253-281. 

Floreanini R, Vinet L 1991, g-orthogonal polynomials and the oscillator quantum group. Lett. Math. 

Phys. 22, no. 1, 45-54- 

Truong T 1994, The quantum mechanical Schrodinger picture of a g-oscillator. J. Phys. A 27, no. 
11, 3829-3846 

Carow-Watamura U and Watamura S 1994, The g-deformed Schrodinger equation of the harmonic 
oscillator on the quantum Euclidean space. Internat. J. Modem Phys. A 9, no. 22, 3989-4008. 

Fiore G 1993, The SOg(A'', i?)-symmetric harmonic oscillator on the quantum Euclidean space 
and its Hilbert space structure. Internat. J. Modem Phys. A 8, no. 26, 4679-4729. 

Dobrogowska A and Odzijewicz A 2007 Solutions of the g-deformed Schrodinger equation for special 

potentials. J. Phys. A 40, no. 9, 2023-2036. 

Bonatsos D and Daskaloyannis C 1999, Quantum groups and their applications in nuclear physics. 
Progress in particle and nuclear physics, vol 43 

Lavagno A 2008, Deformed quantum mechanics and g-Hermitian operators. J. Phys. A 41, no. 24, 
244014, 9 pp. 

Lorck A, Ruffing A and Wess J 1997, A g-deformation of the harmonic oscillator. Z. Phys. C 74 , 
no. 2, 369-377. 

Exton H 1980, A basic analogue of Hermite's equation. J. Inst. Math. Appl. 26, 315-320. 

Atakishiyev N, Rucda J and Wolf K 2007, On g-extended eigenvectors of the integral and finite 
Fourier transforms. .J. Phys. A 40, no. 42, 12701-12707. 

Brackx F, Delanghe R and Sommen F 1982. Clifford analysis, vol. 76 of Research Notes in Mathe- 
matics. Pitman (Advanced Publishing Program), Boston, MA. 

Delanghe R, Sommen F and Soucek V 1992, Clifford algebra and spinor-valued functions, vol. 53 of 
Mathematics and its Applications. Kluwer Academic Publishers Group, Dordrecht. 

Howe R 1989, Remarks on classical invariant theory. Trans. Amer. Math. Soc. 313, no. 2, 539-570. 

Chan G, Finkelstein R and Oganesyan V 1997, The g-isotropic oscillator. J. Math. Phys. 38 , no. 
5, 2132-2147. 

Papp E 1995, g-analogs of the radial Schrodinger equation in A'' space dimensions Physical Review 

A 52 , 101-106 

Carow-Watamura U, Schlieker M and Watamura S 1991, SOq{N) covariant differential calculus on 
quantum space and quantum deformation of Schrodinger equation. Z. Phys. C 49, no. 3, 439-446- 

Sommen F 1988, Special functions in Clifford analysis and axial symmetry. J- Math- Anal- Appl. 
130, 1 , 110-133. 

Exton H 1977, On a basic analogue of the generalised Laguerre equation. Funkcial. Ekvac. 20, no. 
1, 1-8. 



26 



[22] Moak D 1981, The g-analogue of the Laguerre polynomials. J. Math. Anal. Appl. 81, no. 1, 20-47. 

[23] Van der Jeugt J 1997 Coupling coefficients for Lie algebra representations and addition formulas for 
special functions. J. Math. Phys. 38, no. 5, 2728-2740. 

[24] Dc Bic H, Eelbode D and Sommcn F 2009, Spherical harmonics and integration in superspace II. J. 

Phys. A: Math. Theor. 42, 245204 (ISpp). 

[25] Orsted B, Somberg P and Soucek V 2008, The Howe Duality for the Dunkl Version of the Dirac 
Operator. Advances in Applied Clifford Algebras 19, 40S-415. 

[26] Brackx F, De Schepper H, Eelbode D and Soucek V 2009, The Howe Dual Fair in Hermitean Clifford 
Analysis accepted for publication in Rev. Mat. Iberoamericana. 

[27] De Bie H and Sommen F 2007, A Clifford analysis approach to superspace. Ann. Physics 322, 
2978-2993. 

[28] UbriacoM 1992, Noncommutative differential calculus and g-analysis. J. Phys. A 25, no. 1, 169-173. 

[29] Feigenbaum J and Preund P 1996 A g-deformation of the Coulomb problem. J. Math. Phys. 37, 
no. 4, 1602-1616. 

[30] Stcinackcr H 1996, Integration on quantum Euclidean space and sphere. J. Math. Phys. 37, no. 9, 

4738-4749. 

[31] Ryan J 1995, Cauchy-Green type formulae in Clifford analysis. Trans. Amer. Math. Soc. 347, 
1331-1341. 

[32] Sommen F 1991, Monogenic differential calculus. Trans. Amer. Math. Soc. 326, 613-632. 

[33] Kempf A and Majid S 1994, Algebraic g-integration and Fourier theory on quantum and braided 
spaces. J. Math. Phys. 35, no. 12, 6802-6837. 

[34] Wachter H 2003, g-integration on quantum spaces. Eur. Phys. J. C Part. Fields 32 , no. 2, 281-297. 

[35] Ciccoli N, Koelink E and Koornwinder T 1999 g-Laguerre polynomials and big g-Bessel functions 
and their orthogonality relations. Methods Appl. Anal. 6, no. 1, 109-127. 

[36] Atakishiyev M, Atakishiyev N and Klimyk A 2003 Big g-Laguerre and g-Meixner polynomials and 
representations of the quantum algebra C/q(sui,i). J. Phys. A 36, no. 4I, 10335-10347. 



27 



